In this study, a vibration problem of Euler-Bernoulli beam manufactured with Functionally Graded Material (FGM), which is modelled by fourth-order partial differential equations with variable coefficients, is examined by using the Adomian Decomposition Method (ADM).The method is one of the useful and powerful methods which can be easily applied to linear and nonlinear initial and boundary value problems. As to functionally graded materials, they are composites mixed by two or more materials at a certain rate. This mixture at a certain rate is expressed with an exponential function in order to try to minimize singularities from transition between different surfaces of materials as much as possible. According to the structure of the ADM in terms of initial conditions of the problem, a Fourier series expansion method is used along with the ADM for the solution of simply supported functionally graded Euler-Bernoulli beams. Finally, by choosing an appropriate mixture rate for the material, the results are shown in figures and compared with those of a standard (homogeneous) Euler-Bernoulli beam.
Introduction
In recent years, the ADM has been applied to solve many problems in science and engineering due to the rapid convergence and reduced computational cost. The advantage of this method is that it solves the problems directly without linearization, perturbation or other transforms [1, 2] . In the solution of linear as well as nonlinear deterministic and stochastic equations, this method introduces a rapidly convergent series solution [3, 4] . The method is modified by researchers to solve many problems, which include linear and nonlinear ordinary and partial differential equations, integral equations and their systems. Having exact solutions in some types of problems as a sum of infinite series has encouraged scientists to conduct research by applying the ADM to a wide range of problems and functional equations. Many well known problems in science and engineering are examined by the ADM; the results, which are similar or exactly the same, are compared with either analytical or numerical solutions of these problems [5] .
The important part of the ADM is representing the nonlinear terms in the equation by Adomian polynomials built on different techniques. The most widely used Adomian polynomials are generated by George Adomian based on a Taylor series expansion [1, 2] . Using a Taylor series expansion an around initial iteration point, the nonlinear terms in the equation can be expressed as a power series of unknown functions. Then, setting the same degrees of unknown values, the Adomian polynomials can be obtained. Another way to calculate Adomian polynomials is built on a Neumann series expansion, where the nonlinear terms can be represented by a Neumann series depending on a parameter, such as , and the Adomian polynomials can be represented as the coefficients of in the series. Finally, the parametrization method is also suitable while working with nonlinear cases. Basically, the Adomian polynomials can be obtained by comparison with the expansion of a Neumann series and the expansion of nonlinear terms.
Although the method gives rapidly convergent results compared with other semi-analytic methods, there are some studies about the treatment of the method for convergence and computing time issues for the calculation of Adomian polynomials [6, 7] . The most important modification on the ADM, called Modified ADM, is to eliminate the repeating process in the recurrence formulation by choosing the initial term as two parts. Thus, the acceleration in the convergence of the solution can be increased and the number of iterations is minimized to approach the solution more rapidly [8] .
Applications of the ADM to engineering problems have been carried out by researchers. The simple solution of the Cauchy problem for the wave equation is examined by Lesnic [9] using the ADM. As a conclusion, it is shown that the ADM can be applied to similar problems with various types of boundary conditions. Since the method can be easily applied to linear as well as nonlinear problems, many engineering problems can be solved with it. The study of bending vibration of beams is very important in a wide variety of areas such as bridges, tall buildings, trains, aircraft, the dynamics and control of rockets and producing machine tools. The Euler-Bernoulli beam equation, which is governed by the fourth-order differential equation, was solved by both numerical and analytical methods by many researchers. The vibration of beams was examined numerically by Reddy [10] using the finite element method. Also, in Haddadpour [11] , the vibration of an Euler-Bernoulli beam was studied using the ADM and an exact closed-form solution was given for a simply supported beam. These results were compared with the solution of the same problem by the modal analysis method. Many researchers have examined the vibration of composite materials made of Functionally Graded Materials (FGMs) which are essentially two-phase particulate composites synthesized in a way such that the volume fractions of the constituents vary constantly from one point to another. The concept of FGMs could provide great flexibility in material design by controlling both the composition profile and the microstructure [12] [13] [14] . As an application of the ADM on FGMs, the one dimensional diffusion equation with variable coefficients is examined by Sahin and Karatay [15] . In the problem, the material composition, which is named as a nonhomogeneity parameter, is modeled as both an exponential function and a power function. Finally, results were introduced in terms of a varying nonhomogeneity parameter of the composition profile. For more details about the beams and iterative methods, one can see [16] [17] [18] [19] [20] [21] .
In this study, the clamped simply supported composite Euler-Bernoulli beam that is governed by the fourth-order differential equation with variable coefficients was solved using the ADM. The composition profile was modeled with an exponential function of the spatial coordinate with a parameter named as the nonhomogeneity parameter. The results in terms of the natural frequencies of the beam were compared with closed-form solutions for clamped simply supported Euler-Bernoulli beam made of homogeneous material, in which the nonhomogeneity parameter was assumed as zero. These results were also introduced in figures for different values of the nonhomogeneity parameter for a composite beam. In the Euler-Bernoulli beam theory, any point on the beam can only move through the vertical direction and this movement is called deflection by w.x; t / of that point. The transverse deflection of the composite beam is governed by the fourth-order partial differential equation with variable coefficients:
where .x/ is the mass per unit length, EI.x/ D E.x/I.x/, E.x/ is the elastic modulus, I.x/ is the moment of inertia and q.x; t / is the load per unit length. The composition profile for a functionally graded Euler-Bernoulli beam can be represented mathematically by an exponential function such that the engineering parameters are given as
where the parameter˛is named as a nonhomogeneity parameter of FGM and the values E 0 I 0 and 0 are constants. The ADM will be applied to solve the problem in which the corresponding eigenfunctions of the eigenvalues will be held in terms of generalized Fourier series.
Adomian Decomposition Method (ADM)
In this section, we examine a differential equation of the form
where L is an easily invertible operator, R is the remainder of the linear operator, N represents the nonlinear operator and the function g represents the nonhomogeneous part of a differential equation. Since L is ans easily invertible n-th order differential operator, its inverse L 1 to both sides of (3) along with the initial conditions, we obtain
where
The ADM defines a solution with an infinite series of the same form as in [22] ,
and the nonlinear term N u can be decomposed by an infinite series of polynomials as
A n .u 0 ; u 1 ; u 2 ; : : : ; u n /;
where A 0 ; A 1 ; A 2 ; : : : ; A n are Adomian polynomials of u 0 ; u 1 ; u 2 ; : : : ; u n given by
and explicitly formulated by
: : ::
Substituting (5) along with (6) into (4), we obtain
where the recurrence relation is given as follows:
: : :;
If the series converges in a suitable way, the approximated general solution of a differential equation can be expressed as
Vibration of functionally graded beam
The Equation (1) can be rewritten in an operator form, with definitions given in (2), as
where 
related to the clamped simply-supported beam like.
In the solution process, the problem will be separated into two parts:
where u.x; t / and v.x; t / are the respective solutions of the homogeneous and nonhomogeneous equations,
Solution of homogeneous part
Applying the inverse operator,
R t 0 dt dt to both sides of (15) , the solution of the homogeneous equation subject to initial conditions can be obtained as
Finally, using the ADM along with Equation (5), the approximated solution of homogeneous part (15) can be determined by the following recurrence relation:
Consequently, the solution is given by
x . It is clear that a deficient solution may be obtained due to the iteration process, along with the solution u i .x; t/ that is found by applying the differential operator L i x . In the solution process, it is easy to obtain a zero solution or a solution which does not satisfy the boundary conditions of the problem. From now on, to accomplish the deficiency, both functions f .x/ and g.x/ will be expressed in the form of a generalized Fourier series in terms of the Sturm-Liouville boundary value problem. Thus, the coefficients of the Fourier series will be chosen such that these functions satisfy the boundary conditions of the problem. Assume that f .x/ and g.x/ are given functions in a continuous function space C p .a; b/. When an orthonormal set of functions j .x/, .j D 1; 2; : : :/ in C p .a; b/ is specified, it may be possible to represent f .x/ and g.x/ by a linear combination of those functions. This may be generalized to an infinite series that converges to f .x/ and g.x/ at all but possibly a finite number of points on the fundamental interval 0 < x < l as follows:
and, due to orthogonality it can be shown that
The appropriate boundary value problem to find suitable eigenvalues and eigenfunctions for the graded beam problem can be expressed as
where i j and j .x/ represent eigenvalues and eigenfunctions, respectively. Then, the equation (21) can be written explicitly as the fourth order differential equation
and the solution is obtained as
The unknowns .c 1 ; c 2 ; c 3 ; c 4 / are determined by the end conditions of the beam such as
The application of boundary conditions gives us the zero solution for . 
For each value ofˇj , it is easy to obtain all unknown coefficients assuming that c 1 D 1 and then, the normalized shape functions (eigenfunctions) j .x/ in Equation (23) can be easily found. On the other hand, the solution of the homogeneous equation in (15) can be obtained by substituting initial conditions, along with Equation (20), into (18) as
Finally, using the identities for series expansions of sine and cosine functions, the solution of the homogeneous equation can be simplified to
where the normalized shape functions for the first four eigenvalues can be obtained as and, for initial conditions associated with (17) as
So, the corresponding solutions are given as follows: 
Solution of nonhomogeneous part
Now, let us consider the nonhomogeneous problem given by (16) . Expressing the function v.x; t / as an infinite series, the problem can be rewritten using the ADM as
The components v 0 .x; t / are identified as
and, using the following recursive scheme, it is possible to obtain:
Using the eigenfunction expansion method, the function Q.x; t / can be expressed as a multiplication of unknown functions h j .t / and orthogonal functions j .x/, namely,
where the unknown functions h j .t / can be represented using orthogonality as
Using (39) along with (21), the equation (38) can be written as
Finally, using the identities for series expansion of sine functions, the solution of the nonhomogeneous equation in (16) can be simplified as
Let us choose the source term in (1) as q.x; t / D x 2 e 8x t ;
and then, for fixed values of the nonhomogeneity parameter˛D 1 and 0 D 1 , it can be obtained that
Thus, the first four values of the function h j .t / along with the shape functions in (28)- (30) Finally, the general solution of the functionally graded clamped simply-supported beam problem can be written as a superposition of homogeneous and nonhomogeneous solutions as
Results and discussion
This study considered a specific functionally graded composite beam which has a clamped end and a simply supported end as shown in Figure 1 . The solution of the problem is obtained as an expansion of convergent series by the Adomian decomposition method. The deflection w.x; t / was represented by the first six terms of the series along with the corresponding eigenvalues and eigenfunctions. Natural frequencies for different nonhomogeneity parameters are shown in Table 1 . Results for sufficiently small nonhomogeneity parameters (like˛D 0:001) are compared with the exact solution of the homogeneous beam problem subject to the same boundary conditions given in Appendix A. It is shown that eigenvalues of corresponding eigenfunctions agreed with the exact solution for the beam made of homogeneous material. The figures show how the deflection is changing on the composite beam in terms of the effect of the nonhomogeneity parameter˛. For different values of nonhomogeneity parametersdeflections u.x; t / and v.x; t / -solutions of the homogeneous and nonhomogeneous parts of the beam problem are shown in Figure 2 and Figure 3 , respectively. The resultant of the deflections w.x; t / is given in Figure 4 . In both cases, as the nonhomogeneity parameter˛increases, the deflection decreases through the simply supported end for fixed values of time. 
Conclusion
The aim of the present work is to examine the behavior of a functionally graded composite beam. 
Thus, we obtain the differential equation 
Finally, the nonhomogeneous PDE can be determined as
